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Continuity of Effect Algebra Operations
in the Interval Topology

Qu Wenbo,'*>> Wu Junde,? and Yang Chengwu*

We study the continuity of @ and © of effect algebras in the interval topology, and
present several examples of effect algebras with interesting properties.
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1. EFFECT ALGEBRA AND ITS ELEMENTARY PROPERTIES

In 1994, in order to model unsharp quantum logics, Foulis and Bennett intro-
duced the following famous algebra system and called it the effect algebras (Foulis
and Bennett, 1994):

Let L be a set with two special elements O, 1, L be a subset of L x L. We
denote a L b if (a,b) € L. Also, let @ : L — L be a binary operation. If the
following axioms hold:

(i) (Commutative Law). If a,be L and a L b, then b La and ad b =
b®a.
(i) (Associative Law).Ifa,b,c € L, a L band(a & b) L c,thenb L c, a L
bdc)and (a®b)Dc=ad (b c).
(iii) (Orthocomplementation Law). For each a € L there exists a unique b €
L suchthata Lbanda &b = 1.
(iv) (Zero-Unit Law).Ifa € L and 1 L a, thena = 0.

Then (L, L, &, 0, 1) is said to be an effect algebra.
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Let (L, L, ,0, 1) be an effect algebra. If a, b € L and a L b we say that
a and b be orthogonal. If @ @ b = 1 we say that b is the orthocomplement of a,
and write b = a'. It is clear that 1’ = 0, (a’)/ =a, al0Oand a ®0 = a for all
aelL.

We also say that a < b if there exists ¢ € L suchthata L canda @& c = b.
We may prove that < is a partial order on L and satisfiesthat0) <a <1, a < b &
b <danda<b ©albfora,belL. Ifa<b,the element ¢ € L such that
¢l aanda @ c = bisunique, and satisfies the condition ¢ = (@ @& b . It will be
denoted by c = b S a.Ilfa < bbuta # b, we write a < b.

The above showed that each effect algebra (L, L, @, 0, 1) has two binary
operations @ and &.

If the partial order < of an effect algebra (L, L, @, 0, 1) defined as above is a
lattice, then the effect algebra (L, L, @, 0, 1)is said to be a lattice effect algebra; if
foralla,b € L,a <borb <a,then(L, L, ®,0, 1)issaid to be a totally ordered
effect algebray if for each non-empty subset A of (L, L, &, 0, 1), the supremum
V{a € A} and the infimum A{a € A} of A exist, then (L, L, &, 0, 1) is said to be
complete; if for all a, b € L, a < b, there exists ¢ € L such that a < ¢ < b, then
(L, L,e,0,1)is said to be connected.

LetF ={a; : 1 <i < n}beafinitesubsetof L.Ifa; L a,, (a1 ® ay) Las, ...
and (a1 @ ay... D a,—1) Lay,, we say that F is orthogonal and we define ®F =
ag®ay... ®a, =@ ®d...0a,—1) D a, (by the commutative and associative
laws, this sum does not depend on any permutation of elements). Now, if A is an
arbitrary subset of L and F(A) is the family of all finite subsets of A, we say that
A is orthogonal if F is orthogonal for each F € F(A). If A is orthogonal and the
supremum V{@F : F € F(A)} exists, then DA = V{BF : F € F(A)} is called
the @-sum of A.

An effect algebra is said to be @-complete, if for each orthogonal subsets A
of L, the @-sum @A exists; if for each countable orthogonal subset B of L, the
@-sum DB exists, then we say that the effect algebra is @-o-complete.

‘We may prove that each complete effect algebra must be @-complete, but the
converse is not true.

2. ORDER TOPOLOGY OF EFFECT ALGEBRAS

A partial order (A, <) is said to be a directed set, if for all «, B € A, there
exists y € A suchthate <y, g < y.

If (A, x) is a directed set and for each @ € A, a, € (L, L, ®,0, 1), then
{ay}aecn is said to be a net of (L, L, &, 0, 1).

Let {ay}qca be anet of (L, L, ®,0,1). Then we write a, 1, when @ < 8,
ay < ag.Moreover, if a is the supremum of {a, : a € A},i.e.,a = V{a, : @ € A},
then we write a, 1 a.

Similarly, we may write a, | and a, | a.
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If {ug}wen, {Valaea are two nets of (L, L,®,0,1), foru 1 ug <vy 4 v
means that u, < v, foralla € A andu, 1 uand v, | v. We write b < uy 1 u if
b <ug,foralla € A and u, 1 u.

We say a net {aq}qen of (L, L, ®,0,1)is order convergent to a point a of
L if there exists two nets {uy}oea and {vy}eea of (L, L, @, 0, 1) such that

atuy <ay <vyga.

Let F ={F : F =@ or F C L and satisfies that for each net {a, }4eca of F if
{aq}aen 1s order convergent to a, then a € F}.

Itiseasy toprovethat@, L € Fandif Fy, F>, ..., F, € F,thenU!_ | F; € F,
if {F,},eq © F,then NyeoF, € F. Thus, the family F of subsets of L define a
topology tl on (L, L, &, 0, 1) such that F consists of all closed sets of this topol-
ogy. The topology rOL is called the order topology of (L, L, &, 0, 1) (Birkhoff,
1948).

We can prove that the order topology ‘L'OL of (L, L,®,0,1) is the finest
(strongest) topology on L such that for each net {ay}yen of (L, L, ,0, 1), if
{aqy}aea 1s order convergent to a, then {a, }4ca must be topology rOL convergent to
a. But the converse is not true.

For the order convergent properties of nets in effect algebras, Riecanova
proved the following conclusions (Riecanova, 2000):

Lemma 2.1. Let (L, L, ®,0,1) be a lattice effect algebra. For elements of L
we have:

(1) b > ay | a implies that a, ® b | a ® b.

) b <ay 1 aimplies thata, ©b 1+ a © b.

(3) b > ay order convergent to a implies that ay ® b order convergent to
a®b.

(4) b < a, order convergent to a implies that a, © b order convergent to
aob.

(5) b = ay order convergent to a iff ay ® b order convergent to a @ b.

(6) b < ay order convergent to a iff a, © b order convergent toa @ b.

(7) b > a, order convergent to a iff b © a, order convergentto b © a.

Furthermore, after proving two Lemmas, Riecanova proved the continuity of
@ and © with respect to the order topology, that is:

Theorem 2.1. [f(L, L, ®,0,1)isalattice effect algebra, then a net {ay}qen of
(L, L,®,0,1) has:

(1) Ifb' = ay foralla € A, and {ay}qen convergent to a with respect to the
order topology tOL, then {a, @ b} convergent to a @ b with respect to the
order topology tOL .
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(2) Ifb < ay foralla € A, and {a,} convergent to a with respect to the order
topology rOL, then {a, © b} convergent to a © b with respect to the order
topology ‘L’OL.

3) Ifb = ay foralla € A, and {a,} convergent to a with respect to the order
topology t&, then {b © a,} convergent to b © a with respect to the order
topology T} .

3. INTERVAL TOPOLOGY OF EFFECT ALGEBRAS

A family of closed sets F in a topological space (X, T) with the property that
each closed subset of (X, T') is an intersection of members of F, is called a basis
of closed sets.

A sub-basis of closed sets is a family S of closed sets, such that each set of
some basis is the union of finite sets of S, hence each closed set is an intersection
of finite unions of sets of S.

Definition 3.1. By the interval topology of an effect algebra (L, L, ®,0, 1), we
mean that defined by taking the all closed intervals [a, b] as a sub-basis of closed
setsof (L, L, ,0,1).

It is easy to prove that each closed interval [a, b] of effect algebra (L, L, &®,
0, 1) is a closed set with respect to the order topology of effect algebra, so
the interval topology is weaker than the order topology. But, if (L, L, &, 0, 1)
is a totally order effect algebra, then its order topology and interval topology
are same.

Now, we present an example of effect algebra to show that its interval topology
may be really weaker than its order topology.

Example 3.1. LetL = {0, 1, %,..., %,...}.Foreach %,letOEB % = %, % & % =

1,081 =1.1If m # n, % &) % can not be defined. Then (L, 0, 1, @) is a complete
effect algebra, and the interval topology is really weaker than the order topology.

Now, we need the following lemma which is a famous fact in the topology
theory:

Lemma3.1. [f(X, Ty)and (Y, T,) are two topological spaces and f : (X, T;) —
(Y, T»). Then f is a continuous map iff for each closed subset A of (Y, T»), the
inverse image f~'(A) of A is a closed subset of (X, T)).

Now, we study the continuity of @ and & of effect algebras with respect to
the interval topology, our main result is:
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Theorem 3.1. If (L, L, ,0, 1)isa lattice effect algebra, then a net {ay}oen of
(L, L,®,0,1) has:

(€))] Ifb/ > ay for all @ € A and {ay}qcn convergent to a with respect to the
interval topology, then {a, @ b} convergent to a @ b with respect to the
interval topology.

) If b < ay for all @ € A and {a,} convergent to a with respect to the
interval topology, then {a, © b} convergent to a © b with respect to the
interval topology.

Q) If b>a, for all @« € A and {a,} convergent to a with respect to the
interval topology, then {b © a,} convergent to b © a with respect to the
interval topology.

Proof: We only prove conclusion (1), the conclusions (2) and (3) can be proved
by the similar methods.

It follows from the definition of interval topology and Lemma 3.1 that we
only need to prove for each closed interval [c, d] of (L, L, @, 0, 1), the inverse
image I = {x : x < bandx ®b € [c,d] is a closed set of (L, L,,0,1) with
respect to the interval topology.

(1) If [c, d] only has an element or [c, d] is a empty set, then it is clear that
I only has an element or / is an empty set.
(i) fb<c<d,thenl =[ceb,debln[0,b].
(iii) If c < d and d < b, then I is an empty set.
(iv) Ifc <b <d,then I =[0,d ©b]N[0,D].
(v) If b cannot be compared with c, b cannot also be compared with d, then
[ is an empty set.
(vi) If b cannot be compared with ¢, but b <d.Lete =c VvV b. Then [ =
[e©b,dOb]IN[0,b].
(vii) If b cannot be compared with d, but c < b. Let f =b Ad. Then I =
[0, f&blN[0,b].

It follows from (i)—(vii) that conclusion (1) is true and the theorem is
proved. O

Itis well known that if the effect algebra is complete, then its interval topology
is a compact topological space (Birkhoff, 1948). So the Example 1 is a compact
topological space if its topology is the interval topology.

Example3.2. LetE =[0,1],x,y € E and x @ y bedefined iff x + y < 1. Then
(E, 0, 1, ®) is a compact totally ordered connected effect algebra.

In 1995, Mesiar showed that an effect algebra is a totally ordered compact and
connected iff it is isomorphic with the effect algebra (E, 0, 1, @) of Example 3.2
(Mesiar, 1995).
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Now, we present a connected effect algebra, but it is not complete and totally
ordered.

Example 3.3. Let L = [0, 1] x [0, 1], (x1, x2), (y1, ¥2) € L and (x1, x2) & (y1,
y2) be defined iff x; + y; < 1, x2 + y, < 1. Then (L, 0, 1, @) is connected, but it
is not complete and it is not also totally ordered. In addition, the open interval ([0,
0], [1, 0]) is not an open set with respect to its interval topology.

Furthermore, we present an example which is a totally ordered connected
effect algebra, but it is not €-o-complete and it is not also compact with respect
to the interval topology.

Example 3.4. Let L be the all rational numbers of [0, 1], x,y € L, and x ® y
be defined iff x + y < 1. Then (L, 0, 1, @) is a totally ordered connected effect
algebra, but it is not ®-o-complete and it is not also compact effect algebra with
respect to the interval topology.

Note that {%} in Example 1 is convergent to 1 with respect to the interval
topology, but % &) % =1 is not convergent to 1 @ 1, so the @ operation is not
continuous for two variables.

Finally, we prove the following interesting conclusion:

Theorem 3.2. Let (L, L, ®,0, 1) be a lattice effect algebra. If A = {ay}reN is
orthogonal @-summable, then {a,},eN is order convergent to 0, and so {a,},eN is
also order topology and interval topology convergent to 0.

Note that if {a,},eN is order convergent to 0, then {a,},eNn must be order
topology convergent to 0, and interval topology is weaker than the order topology,
so we only need to prove {a,},eN is order convergent to 0.

In fact, leta = ®A = V{®]_,ax : n € N} and 5, = V{®}_,ax}. Then it fol-
lows from Lemma 2.1 that 0 < a, < a © s¢41 and a © sg41 | 0. So {a;} is order
convergent to 0.
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